Abstract-In this letter, we investigate the effect of hopping pilots on the parametric channel estimation in orthogonal frequency-division multiplexing (OFDM) systems. Channel estimation algorithms based on parametric channel modeling require the multipath delays to be estimated at the receiver. The use of a fixed pilot pattern leads to longer training overhead in multipath delay estimation for slow fading channels. However, if hopping pilot patterns are available, then we show that the normalized mean-squared error (NMSE) convergence rate of the channel estimates can be significantly improved. We also show that hopping pilot patterns in OFDM systems effectively allow the eigenvectors of the delay subspace (of the autocorrelation matrix) to be estimated faster. Simulation results are provided to show the faster convergence rate of the NMSE for the hopping pilot pattern over the fixed pilot pattern.
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I. INTRODUCTION
O RTHOGONAL frequency division multiplexing (OFDM) has received considerable attention for its advantages in high bit-rate transmission over frequency-selective channels. The presence of a cyclic prefix (CP) completely eliminates intersymbol interference and replaces the complex time-domain equalizer by a simple single tap frequency-domain equalizer.
Channel estimation techniques based on the sample spaced channel models (where multipath delays are integer multiples of sampling period) have been proposed in [2] . A least-squares (LS) technique for sparse channels is proposed in [3] . However, these methods suffer from irreducible interpolation errors when the multipath delays are nonsample spaced [1] . Channel estimation based on parametric channel modeling is proposed in [4] using minimum description length to estimate the number of paths and estimation of signal parameters using rotational invariance technique (ESPRIT) to estimate the initial multipath delays. This method removes the error floor due to discrete Fourier transform (DFT)-based interpolation. However, in relatively slow fading channels, the number of OFDM symbols required for the multipath delay estimation will be large. Another parametric model-based method is proposed in [6] . However, this method needs an exhaustive search to estimate the multipath delays and is rather impractical. A delay subspace tracking algorithm applicable for OFDM systems has been proposed in [5] . Unlike parametric estimation methods, this method does not suffer from impairments of nonlinear estimation, such as threshold effects and sensitivity to modeling errors. However, it suffers from error floor due to DFT-based interpolation. We have addressed the problem of slow convergence in [4] and error floor due to DFT-based channel interpolation in [5] . Pilot hopping has been adopted in IEEE 802.16 and Digital Video Broadcasting (DVB) standards [12] . In these standards, hopping pilots are used to enhance time and frequency synchronization and also to meet the Nyquist criterion for channel sampling in frequency domain. In this letter, we exploit pilot hopping in parametric channel estimation. The key advantages of using pilot hopping in parametric channel estimation are as follows. 1) The number of OFDM symbols required to estimate the multipath components is significantly lower than [4] . 2) For a multipath channel with independent paths, only pilot subcarriers are required to ensure proper channel estimation. It must be noted that existing parametric channel estimators for OFDM (e.g., [4] ) usually require more than pilot subcarriers per symbol.
A. Basic Notation
Boldface letters denote vectors or matrices; , and denote transpose, complex conjugate, Hermitian, and pseudo-inverse, respectively; denotes the Euclidean norm; denotes the expectation operator; denotes the identity matrix; denotes the column vector of size with zero entries, and diag is the diagonal matrix with elements of the vector on its main diagonal.
II. CHANNEL ESTIMATION
We consider an OFDM system with subcarriers over a bandwidth of Hz, where the received signal is sampled every seconds. The wireless channel is modeled to have multipath components, where each path is characterized by a gain factor and a delay [4] , and has the form . The path gains are zero-mean complex Gaussian random variables with for . The channel is assumed to be quasi-static (multipath gain remains constant over a symbol and could vary symbol to symbol), and multipath de- . In frequency domain, the channel is described by the Fourier transform of for (1) In matrix form, we can write the system of equations in (1) as , where , and the th element of is for At the receiver, we write the th measurement vector in frequency domain as (2) where diag denotes the data symbol on the th subcarrier of the th OFDM symbol, and is the channel experienced by the th OFDM symbol. The zero-mean complex Gaussian noise vector has distribution . Let be the number of pilot subcarriers used in an OFDM symbol. In our discussion, we choose such that is an integer. For a fixed number of pilot subcarriers in an OFDM symbol, it has been shown that the mean-square error in the channel estimation is minimum if the pilots are equi-spaced and equi-powered on the frequency grid [7] . The subcarrier indices for the th pilot pattern are for and
Considering only pilot subcarrier positions in (2), we have (4) where , and is obtained by retaining the rows of corresponding to the pilot positions of the th OFDM symbol. The LS channel estimates of are given by [1] 
where is distributed as , and is the power on each pilot subcarrier. Having obtained the channel estimates on the pilot subcarriers, we have to interpolate this over the entire frequency grid in order to define the equalizer for the data. The error floor introduced by the DFT-based interpolation methods [5] can be removed by using channel estimation based on the parametric channel model. The parametric channel estimator needs the multipath delays to be estimated at the receiver. The multipath delays can be estimated from the frequency-domain autocorrelation matrix of the channel estimates .
A. Estimation of Autocorrelation Matrix
The sample autocorrelation matrix is estimated using ergodic assumptions as (6) where is the number of OFDM symbols considered for averaging. In (6) , if the pilot pattern is fixed to one of the possible patterns in (3), we have (7) where . and has limiting distribution given by . Observe that will always be full rank because of the noise term in (7). However, we are interested only in ensuring that the dominant eigenvalues of reveal the correct rank corresponding to all the independent multipath components. In case of slow fading channels, reveals correct rank only with averaging over a large number of OFDM symbols.
1) Pilot Hopping for Fast Estimation of :
The number of OFDM symbols required for the efficient estimation of can be reduced by simulating the effect of fading at the receiver. This is done by hopping pilot subcarriers across successive OFDM symbols at the transmitter. The pilots are hopped in such a way that the subspace of the vector is preserved for all . To illustrate this, consider the case where the pilot positions are hopped by one subcarrier position (to the right) of every OFDM symbol. From (6), we have (8) When the pilots are hopped by a subcarrier position, every OFDM symbol and are related by (9) where diag . Hence, we have (10) and for . Hopping pilot subcarriers from symbol to symbol emulates channel fading at the receiver by inducing phase rotation. This reduces the number of OFDM symbols used in the averaging of (6) for the efficient estimation of delay subspace basis. The phase rotation induced in the th path gain of is . Hence, for multipath channels with large delay spread, pilot hopping simulates more channel fading at the receiver, and hence, converges to at a faster rate. This is shown with simulation in Fig. 3 .
2) Improving the
: The forward/backward averaging given in [8] exploits the centrosymmetry property of the signal subspace of . This is given by , where has 1's on antidiagonal elements and 0's elsewhere. The spatial smoothing technique [8] decorrelates the correlated narrowband or sinusoidal signals. In our current measurement model, spatial smoothing essentially provides a noise averaging and reduces the condition number of . However, this smoothing requirement forces the number of pilot subcarriers to be more than . Therefore, we use only the forward/backward averaging technique and no spatial smoothing.
B. Estimating the Number of Paths and Delays
In order to estimate the number of paths and delay subspace basis, an eigenvalue decomposition is performed on the estimated autocorrelation matrix as , where are the eigenvalues, and are corresponding eigenvectors. The number of paths is estimated as the number of dominant eigenvalues of . The estimated eigenvalues are compared with noise variance , and those eigenvalues that exceed the noise variance by a factor of are counted as dominant. Let be the number of dominant eigenvalues of . The eigenvectors corresponding to dominant eigenvalues forms the delay subspace basis . The multipath delays are estimated by the ESPRIT algorithm [9] using the delay subspace basis vectors obtained from (12) . The shift invariant subspaces are obtained from delay subspace as and . The multipath delays are estimated as (11) where denotes the phase angle (in the range ) of , and are the eigenvalues of the matrix . The estimated multipath delays are used in channel interpolation. The multipath delays are uniquely identified if and if to prevent aliasing.
C. Channel Interpolation
The channel interpolation is done by frequency-domain filtering on the channel estimates . The temporal channel estimates are obtained by projecting the pilot channel estimates on to the estimated basis as follows: (12) where the th element of is given by for where is the set of pilot positions (3) chosen for the th OFDM symbol, and are the estimated multipath delays (13). Finally, the frequency-domain channel estimates over all the subcarriers are given by (13) where is the estimated channel vector, and the th element of is for The channel estimates can be further improved by exploiting the time correlation of temporal channel estimates using a finite impulse response (FIR) filter. The coefficients of the FIR filter are derived using Weiner filter theory [10] .
III. SIMULATION AND RESULTS
The performance of the hopping pilots-based channel estimation scheme is evaluated for an OFDM system having a bandwidth of MHz, , and samples s. The OFDM symbol duration is s. Pilot symbols are chosen from quadrature phase-shift keying (QPSK) constellation with power . The scalar is set at 1. We have considered three types of channel models: a) with multipath delays uniform over [0, 4. ). The multipath power delay profile (pdp) is assumed to be exponential pdp with the . Each path fades independently according to Jakes' power spectrum [11] . The simulations results presented for two Doppler frequencies of Hz and Hz. The signal-to-noise ratio (SNR) for the OFDM system is defined based on the total transmit power (by appropriately scaling the channel gain to unity) and the measurement noise variance. The noise variance is assumed to be known at the receiver. For every OFDM symbol, the hopping pattern is chosen from the set with equal probability. The pilot hopping pattern is assumed to be known at the receiver. A 4-tap FIR filter designed with exact knowledge of Doppler power spectrum is used to exploit time correlation in the channel. (It is found that filter with taps the performance improvement in NMSE negligible [10, pp. 535-539] .) The performance of the algorithm is evaluated by averaging over 5000 different channel realizations by selecting the multipath delays independently, using the NMSE defined as NMSE . Figs. 1 and 2 compare the convergence plots for channel model (a) for fade rates Hz and Hz, respectively. The pilot hopping-based method is compared with existing method [4] along with DFT-based interpolation [1] . It can be seen that the pilot hopping method converges faster in NMSE compared to the method proposed in [4] for both of the fade rates. The error floor in the DFT-based method is dominated by interpolation errors that cannot be reduced by exploiting time correlation [5, Fig. 7] . We see that the fast convergence of the hopping pilot method is evident in slow fading channels. The fast convergence indicates the fact that the eigenvectors corresponding to the delay subspace are updated faster in the pilot hopping method compared to the fixed pilot method. It is also observed from Fig. 2 that for fast-fading channels, the curves converge faster but to a higher NMSE compared to Fig. 1 . The convergence of the curves to a higher NMSE in Fig. 2 is due to limited time correlation in the channel. Fig. 3 shows the convergence plots with the pilot hopping technique for channel models (b) and (c). The speedy convergence for the channels with large delay spread can be observed in Fig. 3 . Since the phase rotation induced in the path gain due to pilot hopping is proportional to the corresponding delay, the delay subspace is updated at a faster rate for channels with larger delay spread.
IV. CONCLUSION
In this letter, the effect of hopping pilots on parametric channel estimation in OFDM systems has been investigated. The hopping pilot pattern emulates the effect of channel fading at the receiver and can be exploited for fast multipath delay estimation. For a channel with independent paths, pilot subcarriers are sufficient for channel estimation. The performance results shown that the NMSE of the channel estimates converges faster if the hopping pilot pattern is exploited in the estimation of autocorrelation matrix.
